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Abstract
Within the Standard Model Effective Field Theory framework, with operators up to dimen-
sion 6, we perform a model-independent analysis of the lepton-flavour-violating processes
involving tau leptons. Namely, we study hadronic tau decays and `–τ conversion in nuclei,
with ` = e, µ. Based on available experimental limits, we establish constraints on the
Wilson coefficients of the operators contributing to these processes. Our work paves the
way to extract the related information from Belle II and foreseen future experiments.
1 Introduction
Although both light quark and lepton families are triple replicated in nature, their description
in the Standard Model (SM) of particles has a significative difference: While quark families
mix, giving a rich flavour-physics phenomenology, lepton families do not. This fact is due
to the neutrino-mass degeneracy (they are all massless in the SM), that produces a set of
conservation laws for the lepton flavours, namely, the Lagrangian is invariant under global
L ≡ U(1)e × U(1)µ × U(1)τ rotations of the lepton fields. However, the present situation, that
supersedes and extends the SM setting, involves massive non-degenerate neutrinos that mix
their flavours while U(1)L, the diagonal subgroup of L, is kept as a good global symmetry
(conservation of lepton number) as far as neutrinos are Dirac [1–5] (Majorana neutrinos would
imply lepton-number violation). This new situation gives, within the extended SM, lepton-
flavour violation also in processes involving electrically charged leptons, but their rates are tiny,
far below the experimental reach [6–10], for instance Γ(µ→ eγ)/Γ(µ→ eνν¯) < 10−40.
It is natural to query, once neutrinos are known to be non-degenerate, if dynamics not
included in the SM can produce charged-lepton-flavour-violating (CLFV) processes. In fact,
there is no known reason why this symmetry should be sustained, and many models beyond SM
can violate it. As a consequence, we would have a much more involved dynamics of leptons,
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similar to the one of quarks, and displaying a more symmetric and egalitarian electroweak (EW)
interaction. Indeed, we already have relevant experimental hints that point out to a non-trivial
lepton dynamics, as is the case of the apparent violation of universality around the third family
(allocating the tau lepton and its neutrino) in some decays of the B mesons [11–16]. Even earlier,
similar hints appeared in W → `ν` [17], although this tension seems to have been released by a
recent experimental determination by ATLAS [18].
However, we are interested here in new-physics dynamics that generates CLFV processes
involving the tau lepton. Although there has been done plenty of research in the study of
CLFV processes (see, for instance, the reviews [19–21]), most of these involve only the lightest
first two families. The tau family has novel features as it adds to the analogous processes that
appear with µ and e the decays into hadrons. This, together with the suspicion of universality
violation in the third family, puts the focus on the tau lepton. While the study of CLFV tau
decays into leptons has a wide bibliography, the one that considers tau decays into hadrons —
precisely the new feature of the third family — has been less studied. We find, for instance, the
model-independent approach of Refs. [22–24], supersymmetric settings [25–27] and little-Higgs
models [28].
Our purpose is to perform a model-independent analysis of CLFV tau processes that involve
hadrons. Our framework will be that of the Standard Model Effective Field Theory (SMEFT)
[29] where to the SM Lagrangian we add higher D-dimensional operators O(D)i that involve the
same particle spectrum as the SM and are invariant under SU(3)C × SU(2)L × U(1)Y,
LSMEFT = LSM +
∑
D>4
(
1
ΛD−4
∑
i
C
(D)
i O(D)i
)
,
[
O(D)i
]
=
[
ED
]
, (1)
where Λ is the scale that drives the new dynamics. With this setting, the dimensionless couplings
of different operators — the Wilson coefficients C
(D)
i — should be naturally O(1). The SMEFT
Lagrangian — written in terms of fields at the electroweak scale and given by operators invariant
under the electroweak gauge symmetry group — represents an effective field theory at the EW
scale that collects the dynamics produced by new physics. Any extension of the SM should be
reduced to the SMEFT at the electroweak scale. Hence, it is a model-independent framework
that ignores the origin or dynamics of the ultraviolet completion at E  MW . The first
contribution to CLFV processes can be generated by D = 6 operators, and we will keep only
those. For definiteness, we will use the basis and notation consistently with Ref. [30]. It is
necessary to point out that our procedure is not valid if the origin of CLFV lies at E .MW , in
which case the SMEFT Lagrangian (1) does not serve as an appropriate framework.
The experimental search for LFV decays of the tau into hadrons has been carried out by
BaBar and Belle experiments [31], and it is foreseen that it will have a strong push with the
results from Belle II [32]. Hence, it is timely to perform a thorough analysis of those processes
in a model-independent framework in order to provide a key tool for model builders. We will
be interested in the decays τ− → `−P , τ− → `−P1P2 and τ− → `−V , where P stands for
any pseudoscalar meson, V for a vector resonance and ` = µ, e. These processes are simple
enough to fit comfortably into our framework, but rich enough to offer a general view of the
landscape of operators. We also wish to consider `–τ conversion in the presence of nuclei:
µ−(e−) + N (A,Z) → τ−X, i.e. with a fixed-target of atomic and mass numbers Z and A,
respectively. This latter process has received minor attention due to the complexities of its
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experimental setting; see, however, Refs. [33–37] and references therein. Its feasibility at NA64
has been pointed out in Ref. [37]. Moreover, future foreseen fixed-target experiments such as
the muon collider [38], the electron-ion collider (EIC) [39], the ILC [40] or circular colliders as
LHeC [41] could consider to look for this conversion.
We will take into account the processes above and, using HEPfit [42, 43], we perform an
overall analysis of the participating D = 6 Wilson coefficients in Eq. (1) with the present
experimental bounds of the CLFV processes. As we are expecting that the latter get a big
improvement in the near future, the relevance of our work is more to provide a tool for the
foreseen new results rather than the present numerical status.
In the next section, we specify our notation and the detailed account of the processes that
we consider. In Section 3, we perform the fit and provide numerical results and their analyses.
Section 4 will collect our conclusions. Several appendices help to ease up and complement the
main text.
2 The SMEFT Lagrangian: lepton-flavour-violating pro-
cesses
The SMEFT Lagrangian (1) provides the relevant effective theory that describes the physical
processes at the electroweak scale. The spectrum contained in its operators and the symmetry
of the latter are those of the SM; the relevant scale Λ reflects the energy at which new physics
appears. Clearly, Λ depends on the new dynamics that we wish to describe, i.e. it does not need
to be the same for LFV or violation of lepton number, for instance. In the following, we will
use ΛCLFV to denote the scale of interest of the present work.
The processes we wish to analyse are those involving the third family of leptons. We choose
this system since, as commented in the Introduction, it has been involved in several cases that
could be related to some deviations from the SM dynamics. Accordingly, our SMEFT operators
are still invariant under global U(1)e × U(1)µ rotations that do not involve the tau lepton
anymore. The large mass of the tau lepton allows its CLFV decays into hadrons, opening a
wide set of modes that can be looked for in dedicated experiments. Moreover, `–τ conversion
(` = µ, e) in the presence of nuclei has been scarcely considered in the bibliography. The obvious
relevance of studying both type of processes at the same time is that they involve, generically,
the same SMEFT operators. In addition, we will assume that the Wilson coefficients involving
the muon and the electron are the same, i.e. we presume universality in the two lighter lepton
families. This seems endorsed, up to now, by the experimental results.
There is only one D = 5 operator in the SMEFT Lagrangian [44], but it violates lepton
number and is of no interest for our research here. The list of D = 6 operators is rather
large [29] and contains the first relevant operators that implement CLFV processes. We will
limit our study to those and we will use, essentially, the notation from Ref. [30]. The operators
contributing to processes under consideration here are collected in Table 1.
2.1 Hadronic tau decays
We will study the CLFV decays τ− → `−{P, P1P2, V }, with ` = µ, e, and P and V standing
for pseudoscalar and vector fields with light-quark content (namely u, d and s), respectively. In
3
Λ2× Coupling Operator Λ2× Coupling Operator
C
(1)
LQ
(
L¯pγµLr
) (
Q¯sγ
µQt
)
Ceϕ
(
ϕ†ϕ
) (
L¯perϕ
)
C
(3)
LQ
(
L¯pγµσ
ILr
) (
Q¯sγ
µσIQt
)
Cϕe
(
ϕ†i
↔
Dµϕ
)
(epγ
µer)
Ceu (e¯pγµer) (u¯sγ
µut) C
(1)
ϕL
(
ϕ†i
↔
Dµϕ
) (
L¯pγ
µLr
)
Ced (e¯pγµer)
(
d¯sγ
µdt
)
C
(3)
ϕL
(
ϕ†i
↔
DIµϕ
) (
L¯pσIγ
µLr
)
CLu
(
L¯pγµLr
)
(u¯sγ
µut) CeW
(
L¯pσ
µνer
)
σIϕW
I
µν
CLd
(
L¯pγµLr
) (
d¯sγ
µdt
)
CeB
(
L¯pσ
µνer
)
ϕBµν
CQe
(
Q¯pγµQr
)
(e¯sγ
µet)
CLedQ
(
L¯jper
) (
d¯sQ
j
t
)
C
(1)
LeQu
(
L¯jper
)
εjk
(
Q¯ksut
)
C
(3)
LeQu
(
L¯jpσµνer
)
εjk
(
Q¯ksσ
µνut
)
Table 1: D = 6 operators appearing in the Lagrangian (1) and contributing to the CLFV
processes that we study in this work. The four-fermion operators appear on the left-hand side,
while those involving the Higgs doublet ϕ and the gauge bosons are on the right. The notation
(up to small apparent changes), is the one from Ref. [30]. For the family indices we use p, r, s
and t, while j and k are isospin indices. For I = 1, 2, 3, σI are the Pauli matrices, with ε = iσ2,
and σµν ≡ i
2
[γµ, γν ]. Λ is then the scale where the new dynamics arises. The operators share
the same notation with the associated couplings, substituting simply C → O, i.e. O(1)LQ and so
on.
order to determine the widths of the hadronic tau decays using the D = 6 operators in Table 1,
the procedure has two steps:
1) determine the perturbative amplitudes at parton level,
2) hadronize those partons into mesons.
The key role in the perturbative contribution has been customarily given to τ → `qq shown in
Fig. 1. However, in Ref. [23] it was pointed out that the scalar contribution via the diagram
shown in Fig. 2 should also be considered — as the hadronization of gluons into mesons is
not small at these energies. In the second step, we will proceed to hadronize the qΓq currents
(with Γ = {1, γ5, γµ, γµγ5, σµν , σµνγ5}) into observable pseudoscalar and vector mesons, and
analogously, for the gluons from Fig. 2. Let us now discuss separately the two points stated
above.
2.1.1 Perturbative amplitudes
The SMEFT framework provides the processes τ → (` + hadrons) already at the tree level.
Operators in Table 1 generate two kinds of contributions:
4
(a)
τ
ℓ
q
q
(b)
τ
ℓ
q
q
Z, γ
(c)
τ
ℓ
H
s
s
Figure 1: Different contributions of the SMEFT Lagrangian to τ → ` qq, with ` = e, µ. The dot
indicates the CLFV vertex. We consider mu = md = 0, but ms 6= 0: The contribution of the
Higgs in (c) thus only exists for the production of ss.
τ
ℓ
H
Q
g
g
Figure 2: Dominant scalar contribution to τ → `PP , with ` = e, µ and P = pi,K. The dot
indicates the CLFV vertex. The Q in the loop stands for a heavy quark, namely Q = c, b, t.
i) those yielding a two-quark current τ → `qq (shown in Fig. 1), either provided by local
vertices as in (a), or by gauge-boson (b) or Higgs (c) exchanges; in the latter case, we will
consider massless up and down quarks, but ms 6= 0, and, accordingly, the diagram (c) will
only contribute to the production of ss,
ii) the scalar two-gluon contribution τ → `gg (shown in Fig. 2), with heavy quarks in the
finite fermion loop, that was also considered previously in Ref. [23]; here it was concluded
that, in spite of the loop suppression, this is the dominant Higgs contribution to these
processes.
The results of the tree-level amplitudes related to diagrams from Fig. 1 and generated by LFV
operators from Table 1 are collected in Section A.1 of Appendix A; the loop contribution from
Fig. 2 is given in Section A.2. In the latter amplitude, we have written (for hadronization
purposes) the two-gluon final state in terms of the trace of the energy–momentum tensor [45],
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as explained in Subsection B.1 of Appendix B. Accordingly, the general perturbative amplitude
that describes the CLFV tau decays into hadrons is given by
Mτ =Mtree +Mτgg , (2)
with Mtree and Mτgg defined in Eqs. (A.1) and (A.7), respectively.
2.1.2 Hadronization
Our results for the tau decay amplitudeMτ are given, for the tree-level contributions, in terms of
light-quark bilinears, and, for the gluon case, by the energy–momentum tensor. The final states
we take into account involve pseudoscalar mesons and vector resonances. Therefore, we need
to hadronize the quark bilinears and the energy–momentum tensor. The chiral perturbation
theory (χPT) [46, 47] provides a model-independent scheme for this procedure. Unfortunately,
this framework only provides reliable results (typically) for E  1 GeV, while the mass of the tau
lepton is much larger: The energy region that happens to be populated by hadron resonances
becomes kinematically available and relevant for the final state. A complementary scenario
consistent with the constraints of the chiral symmetry is given by the resonance chiral theory
(RχT) [48–50]. It provides us with a phenomenological Lagrangian, driven also by the chiral
symmetry, that includes not only the light pseudoscalar mesons, but also the lightest U(3) nonets
of resonances that remain in the large-number-of-colours framework (i.e. when NC → ∞). In
addition, external currents with appropriate quantum numbers allow to hadronize the relevant
quark bilinears.
We consider first the hadronization of the latter. We identify the scalar, pseudoscalar, vector,
axial-vector and tensor currents:
Si = −q λi q , P i = q iγ5 λi q ,
V iµ = q γµ
λi
2
q , Aiµ = q γµγ5
λi
2
q , (3)
T i µν = q σµν
λi
2
q , T i µν5 = q σ
µν γ5
λi
2
q ,
where λi, i = 0, . . . , 8 are the Gell-Mann matrices and γ5 ≡ iγ0γ1γ2γ3; the chiral currents
are defined as is customary: J iL = (S
i − iP i)/2, J iR = (Si + iP i)/2, J i µL = (V i µ − Ai µ)/2,
J i µR = (V
i µ + Ai µ)/2, T i µνL = (T
i µν − T i µν5 )/2, T i µνR = (T i µν + T i µν5 )/2.
Within the χPT and RχT frameworks, one attaches external currents to the massless QCD
Lagrangian L0QCD, allowing to determine the relevant QCD currents:
LextQCD = L0QCD + ψγµ (vµ + aµγ5)ψ − ψ (s− ipγ5)ψ + ψσµν tµνψ . (4)
The auxiliary fields vµ = v
i
µλ
i/2, aµ = a
i
µλ
i/2, s = siλ
i, p = piλ
i and t
µν
= t
i
µνλ
i/2 are
Hermitian matrices in the flavour space.1 Hence, within the RχT framework and once the
relevant Lagrangian (see Appendix C) is fixed, the quark bilinear hadronization is given by
1For practical purposes, in the tensor case we define the tµν and t
†
µν external fields by ψ¯σµνt
µν
ψ =
ψ¯Lσ
µνt†µνψR + ψ¯Rσ
µνtµνψL [51].
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the functional derivatives with respect to the external fields of the RχT action. The SMEFT
operators of our interest are:
Si =
∂LRχT
∂si
∣∣∣∣
j=0
, P i =
∂LRχT
∂pi
∣∣∣∣
j=0
,
V iµ =
∂LRχT
∂viµ
∣∣∣∣
j=0
, Aiµ =
∂LRχT
∂aiµ
∣∣∣∣
j=0
, (5)
T iµν =
∂LRχT
∂(ti †µν + tiµν)
∣∣∣∣
j=0
,
where the RχT Lagrangian is the one in Eq. (C.3). The ‘j = 0’ notation indicates that after
the derivatives are calculated, all external currents are set to zero. We obtain
Si = −B0 〈λi Φ2 〉 + 8 B0
F 2
LSD5 〈λi ∂µ Φ ∂µ Φ 〉 + 4B0 cm 〈λi S 〉
+ 4
B0
F 2
d2m
M2P
[
2 〈λi ΦM Φ 〉 + 〈λi {M,Φ2} 〉 ] + 4B0 γ gµν 〈λi Tµν 〉 ,
P i =
√
2B0 F 〈λi Φ 〉 − 4
√
2
B0
F
d2m
M2P
〈λi {M,Φ} 〉 ,
V iµ =
i
2
〈λi [ (∂µΦ) Φ − Φ ∂µΦ ] 〉 − FV√
2
〈λi ∂νVνµ 〉 ,
Aiµ = −
F√
2
〈λi ∂µΦ 〉 ,
T iµν = − i
ΛSD2
2F 2
〈λi [ (∂µΦ) ∂νΦ − (∂νΦ) ∂µΦ ] 〉 + TV
2
〈λi Vµν 〉 ,
(6)
with Φ being the octet of Goldstone fields, and
M =
 m2pi m2pi
2m2K −m2pi
 . (7)
These are not the final results for the hadronization of the quark bilinears. The resonance chiral
Lagrangian provides additional interactions that allow to introduce resonance contributions to
the currents above. The mesonic final states will be two pseudoscalars P1P2, one pseudoscalar
P , or one vector resonance V . The final results are:
[ i qi γ5 qj → P ] ' 2B0 F Ω(1)P (ij) + 2
B0
F
d2m
M2P
m2K Ω
(2)
P (ij) ,
[ qi γµ γ5 qj → P ] ' −i 2F Ω(1)A (ij) pµ ,
[ qi γµ qj → V ] ' −2FV MV Ω(1)V (ij) εµ ,
[ qi σµν qj → V ] ' i 2
TV
MV
Ω
(1)
T (ij) ( pµ εν − pν εµ ) ,
[ qi qj → P1 P2 ] ' 2B0 Ω(1)S (ij)
[
1 + 4
LSD5
F 2
(
s−m21 −m22
)]
+ 2
B0
F 2
d2m
M2P
m2K Ω
(2)
S (ij)
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+
B0
F 2
cm
∑
S
Ω
(3)
S (ij)
s − M2S
[
cd Ω
(4)
S
(
s − m21 − m22
)
+ 2 cmm
2
K Ω
(5)
S
]
+
1
3
B0
F 2
γ
∑
T
Ω
(2)
T (ij)
M4T
{
gT Ω
(3)
T
[
(m21 −m22)2 + M2T (m21 +m22)
− s (M2T + s)
]
+ 2 (2M2T + s)
[
β Ω
(4)
T (m
2
1 +m
2
2 − s) − 2 γ m2K Ω(5)T
]}
,
[ qi γµ qj → P1 P2 ] '
[
2 Ω
(2)
V (ij) +
√
2
FV GV
F 2
∑
V
s
M2V − s
Ω
(1)
V (ij) Ω
(3)
V
]
( p1 − p2 )µ
+
[√
2
FV GV
F 2
(m22 −m21)
∑
V
Ω
(1)
V (ij) Ω
(3)
V
M2V − s
]
( p1 + p2 )µ ,
[ qi σ
µν qj → P1 P2 ] ' i
F 2
[
−ΛSD2 Ω(6)T (ij) + 2
√
2GV TV
∑
V
Ω
(1)
T (ij) Ω
(3)
V
M2V − s
]
( pµ1 p
ν
2 − pν1 pµ2 ) .
(8)
Note that the remaining currents do not contribute to these final states. The dimensionless
parameters Ω identify the different intermediate and final states and are listed in Appendix D.
These results within the RχT correspond to a model of the Large-NC limit, assuming that only
the lightest multiplet of intermediate resonances (that survive in the NC →∞ limit) contribute
to the dynamics. The widths of resonances appear at the subleading order (O(1/NC)), and
are therefore not present in the expressions above. However, this is not satisfactory from the
phenomenological point of view and we thus implement the widths in the corresponding poles:
[M2R − s]→ [M2R − s− iMRΓR]. Moreover, a constant width reasonably represents only narrow
resonances (typically when ΓR/MR . 0.1) and in such a case it is a good approximation. The
analytical construction of momentum-dependent widths is only known for dominant two-body
decays [52].
The hadronization of the vector current into two pseudoscalars of equal mass2 is driven
by the well-known vector form factor, that has been thoroughly studied in the literature. In
fact, the expression in Eq. (8) is just the starting point of a more thorough model-independent
construction based both on the RχT and the use of dispersion relations [53–55] or Pade´ approx-
imants [56]. The vector form factor for the pseudoscalar P is defined as
〈P (p1)P (p2)|V emµ |0〉 = (p1 − p2)µF PV (q2) , (9)
where q = p1 + p2, and where the electromagnetic current is defined by
V emµ =
∑
Qq
Qq q¯ γµ q = V
3
µ +
1√
3
V 8µ , (10)
with Qq standing for the electric charge of the quark q = u, d, s. Hence, we notice that, for
instance, we can hadronize the u¯γµu current through
〈P (p1)P (p2)|u¯γµu|0〉 = (p1 − p2)µF PV (q2) +
2√
6
〈P (p1)P (p2)|V 0µ |0〉 . (11)
2For two pseudoscalars of different mass the matrix element has, in addition, another form factor.
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Analogous expressions could be obtained for the d¯γµd and s¯γµs currents, where the V
3
µ current
appears in addition on the r.h.s. We only apply this procedure to the hadronization of the u-
quark current in order to point out the possibility for further improvements. The singlet vector
current is determined using the RχT framework, giving
V 0µ = FV [ sin θV ∂
νφνµ − cos θV ∂νωνµ ] , (12)
which further contributes to the hadronization of two pseudoscalars. For our vector form factor
F PV (q
2), we have employed the result from Appendix B of Ref. [26], modifying the hadronization
for the final states pi+pi−, K+K− and K
0
K0.
We turn now to the hadronization of the two gluons from the diagram in Fig. 2. The
amplitude represented by this diagram contributes only to two pseudoscalars in the final state,
and is given in Eq. (A.7) of Appendix A.2 in terms of the matrix element θP (q
2) of the energy–
momentum tensor (see Subsection B.1 in Appendix B). We could perform an evaluation of the
matrix element within the RχT, but final-state interactions (FSI) in the two-pseudoscalar final
state are ruled by the I = J = 0 scattering phase shift. This implies that FSI are important
and have to be considered, for instance, using dispersion relations. This was already pointed
out in Ref. [45] for pipi and KK, and has been recently reevaluated for the two-pion case in
Ref. [23]. We will only consider the pipi final state and we will use the results of the latter
reference: Incidentally, they have also improved the matrix element for the two-pion final state
of the mass term mss¯s (see Eq. A.6), which we have also used.
2.2 `–τ conversion in nuclei
The conversion among flavours of charged leptons in the presence of a nucleus is a well-motivated
way to study CLFV phenomena that has been pursued already in the past, namely for the µ–e
conversion in nuclei with the strongest limit set by Sindrum II [57]:
BAuµe =
Γ(µ−Au → e−Au)
Γcapture(µ−Au)
< 7× 10−13 , 90% C.L. (13)
The µ–e experiments are of a different nature than those concerning the τ lepton: Typically,
these experiments are performed at low energy and the muon becomes bounded before decaying
in orbit or being captured by the nucleus.
For µ–τ , the conversion is expected to occur by deep inelastic scattering (DIS) of the lepton
off the nucleus, thus these experiments are based on a fixed-target nucleus hit by an incoming
lepton beam of a given flavour `. If the energy of the beam leptons is high enough, they
will penetrate the hadronic structure of the nucleons within the nucleus and interact with its
constituents, the partons, i.e. quarks and gluons. Due to the fact that lepton flavour is conserved
within the SM (which also holds at the tree level for the charged-lepton sector in its minimally
extended version), a change of the flavour of the incoming charged lepton as a result of the
interaction with nuclei is forbidden. Therefore, any measurable signal of a process of this kind
would suggest new physics.
Our aim here is to perform a model-independent analysis within the SMEFT framework of
`–τ conversion in nuclei (` = µ, e). Regarding the product of the interaction, we consider a τ
9
(a)
ℓ
τ
q
q
(b)
ℓ
τ
q
Z, γ
q
(c)
ℓ
τ
H
s
s
Figure 3: Different contributions of the SMEFT Lagrangian to `q → τq for ` = e, µ and
q = u, d, s. The dot indicates the CLFV vertex. We consider mu = md = 0 but ms 6= 0. Hence,
the contribution of the Higgs in (c) only exists for q = s.
lepton plus any hadronic content of no particular relevance to us, i.e. we are only interested in
the inclusive process `+N (A,Z)→ τ +X, where we do not have any information about X.
Since the interacting parton lives in the hadronic environment of the nucleus, its dynamics
is heavily influenced by low-energy non-perturbative QCD effects. However, we can make use
of QCD factorization theorems to separate the non-perturbative behaviour — encoded in the
so-called parton distribution functions (PDFs) — from the part we can compute perturbatively.
Once the perturbative calculation is done, we calculate the convolution of the result with the
PDFs to obtain the total cross section of the process.
2.2.1 Perturbative amplitudes
The perturbative cross sections involved in this process are computed using the SMEFT oper-
ators listed in Table 1. These yield three different leading contributions:
i) the process `q → τq(′) (see Fig. 3), represented in terms of local vertices (a), the gauge-
boson (b), and Higgs (c) exchange. We consider massless up and down quarks, while
ms 6= 0: The diagram (c) thus only contributes to the production of s¯s,
ii) the same process as i), but with antiquarks: `q¯ → τ q¯(′). This leads to different cross
sections of the process and also the non-perturbative behaviour of anti-quarks inside the
nucleons is not the same as of their opposite-charged partners,
iii) the process `g → τg (see Fig. 4), represented by the Higgs (a) or Z-gauge-boson (b)
exchange, and a quark triangle loop.
Note that for the processes of type i) and ii), `q(q¯) → τq(′)(q¯(′)), we may also allow for quark-
flavour change. Therefore, we also take into account quark currents such as c¯u, b¯s, . . . , which
contribute to the total amplitude only via contact-interaction contribution, i.e. via the process
depicted in Fig. 3(a). Nevertheless, we consider the same Wilson coefficients for all quark
flavours, thus assuming minimal flavour violation in the quark sector (driven only by the CKM
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Figure 4: Higgs and Z contribution to `g → τg, with ` = e, µ. The dot indicates the CLFV
vertex. Q is a heavy quark, namely Q = c, b, t, and q = u, d, c, s, t, b.
matrix). Allowing quarks to change flavour during the interaction allows us to consider a wider
variety of final states for the hadronic τ decays, as well as it leads to an increased cross section
of the process of `–τ conversion in nuclei. This implies a richer phenomenology and stronger
constraints on the Wilson coefficients. These flavour-changing neutral currents (FCNCs) are
forbidden at the tree level in the SM due to the GIM mechanism [58], while there is no reason
to assume that such a mechanism is also relevant for the beyond-Standard Model (BSM) physics
at higher energy scales. We will thus study both cases: 1) CLFV with FCNC, and 2) CLFV
only. However, for the first scenario, one could expect the CLFV and FCNC phenomena to be
mediated by different type of new physics, since there might be no reason for both phenomena
to be related to each other. Describing both interactions within the SMEFT framework, this
would mean different energy scales Λ. In spite of these considerations, as we are studying both
scenarios, we will be assuming throughout this work only one energy scale driving all new-physics
interactions, and thus implicitly considering the same energy scale for both phenomena.
The results for the tree-level amplitudes shown in Fig. 3 and generated by LFV operators
from Table 1 are given in Section A.1 of Appendix A. Regarding the contribution iii), for the
Higgs exchange with heavy quarks in the finite fermion loop (as it happened in its hadronic τ
decay counterpart; see Fig. 2) it was shown in Ref. [36] that (in spite of the loop suppression)
this is the dominant Higgs contribution to the `–τ conversion in nuclei. We also conclude that
the diagram in Fig. 4(b) is not negligible compared to the Higgs exchange: Actually, they are
of the same order of magnitude. All the relevant amplitudes for process iii) are collected in
Section A.3 of Appendix A, while for a thorough discussion regarding the contribution shown
in Fig. 4(b), an interested reader is referred to Section B.2 of Appendix B. Accordingly, the
general perturbative amplitudes that describe the CLFV µ(e)–τ conversion in nuclei are given
in terms of the amplitudes from Appendix A, using
i)
Mqq = Mloc +MZ +Mγ +MH , (14)
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ii)
Mq¯q¯ = M′loc +M′Z +M′γ +M′H , (15)
iii)
Mgg = MHl +MZl , (16)
where M′s stand for the same amplitudes as those from Appendix A, but for antiquarks.
2.2.2 Non-Perturbativity: Nuclear parton distribution functions
Nuclei are bound systems where the low-energy non-perturbative effects of QCD among their
constituents are non-negligible. Therefore, to address this problem properly, we make use of
quantities that describe these long-distance effects: the parton distribution functions. By means
of the QCD factorization theorems, the total cross section can be computed as a convolution
of the non-perturbative PDFs (f) and the perturbative cross sections (σˆ) calculated using the
amplitudes of the previous section (Section 2.2.1):
σ`−τ = σˆ ⊗ f . (17)
The total cross section is an observable quantity. However, since the perturbative cross
sections are computed within perturbation theory, our inability to calculate them at every order
of the perturbative expansion generates a non-physical dependence on the energy scale which
propagates into the PDFs; this also means that they depend on the renormalization scheme. The
above-mentioned scale is usually taken as Q2 = −q2, with q2 being the transferred momentum
of the system; Q2 is also often called the characteristic scale of the process. Furthermore, it
is customary to characterize the PDFs through the Lorentz invariant quantity ξ, the fraction
of the nucleus momentum carried by the interacting parton. Consequently, we express the
perturbative cross section as well as the PDFs in terms of the two discussed invariant quantities
σ`−τ = σˆ(ξ,Q2)⊗ f(ξ,Q2) , (18)
where the total cross section still depends on the Wilson coefficients Ci and the BSM energy
scale ΛCLFV.
Whereas the dependence of the PDFs on the momentum fraction ξ is completely non-
perturbative and has to be extracted from the data, their evolution in terms of Q2 is achieved
by using the DGLAP evolution equations: Once the PDFs are determined at a given scale Q20,
we can calculate it at any other scale Q2. There are several groups performing this global QCD
analysis using state-of-the-art perturbative theoretical computations to obtain the best PDFs
given the current data; for an overview of the field, see Ref. [59] and references therein. Since,
in our case, we are dealing with heavy nuclei instead of free nucleons, nuclear binding effects
alter significantly the non-perturbative behaviour of the constituents at different ξ regimes, as it
was first discovered in Ref. [60]. All these effects are included in the nuclear parton distribution
functions (nPDFs), which we find more suitable to describe the `–τ conversion in nuclei: We use
the nCTEQ15-np fit of the nPDFs provided by the group around the nCTEQ15 project [61],
incorporated within the ManeParse Mathematica package [62].
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2.2.3 Total cross section
The convolution of the perturbative and non-perturbative pieces is a rather complicated topic
due to higher-order QCD corrections, target mass corrections, etc. However, when includ-
ing next-to-leading-order (NLO) QCD corrections, it can be shown within the QCD-improved
parton model [63] that the modifications can be absorbed into the PDFs, while keeping the
perturbative cross sections at tree level. This is the leading-order (LO) QCD formalism (or
twist-2 factorization) which we follow in this work: Our SMEFT perturbative cross sections are
calculated at tree level, while the nCTEQ15 nPDFs that we use are computed at NLO [61].
We would like to point out that the twist-2 factorization is appropriate in the limit of massless
partons [64]. This may be the case for the u, d and s quarks, however, note that larger uncer-
tainties are expected when considering the quark currents of diagrams of type (a) in Fig. 3 of
processes i) and ii) with massive c and b quarks.
The perturbative unpolarized differential cross sections for the processes from Section 2.2.1
(contributing to `–τ conversion in nuclei) in terms of the invariants ξ and Q2 and computed
within the SMEFT framework (using the operators from Table 1) are
dσˆ(` qi(ξP )→ τ qj)
dξ dQ2
=
1
16piλ(s(ξ),m2` ,m
2
i )
|Mqq(ξ,Q2)|2 , (19)
dσˆ(` q¯i(ξP )→ τ q¯j)
dξ dQ2
=
1
16piλ(s(ξ),m2` ,m
2
i )
|Mq¯q¯(ξ,Q2)|2 , (20)
dσˆ(` g(ξP )→ τ g)
dξ dQ2
=
1
16piλ(s(ξ),m2` ,m
2
i )
|Mgg(ξ,Q2)|2 , (21)
with the momentum of the interacting parton pi = ξP being a fraction of the nucleus total
momentum P ; thus, we consider m2i = ξ
2M2 since only the nucleus mass M is physical.
λ(a, b, c) ≡ (a + b − c)2 − 4ab is the Ka¨lle´n’s triangle function. Finally, using the LO QCD
formalism, the total differential cross section reads
σ(`N (P )→ τ X) =
∑
i,j
∫ 1
ξmin
∫ Q2+(ξ)
Q2−(ξ)
dξ dQ2
{
dσˆ(` qi(ξP )→ τ qj)
dξ dQ2
fqi(ξ,Q
2)
+
dσˆ(` q¯i(ξP )→ τ q¯j)
dξ dQ2
fq¯i(ξ,Q
2) +
dσˆ(` g(ξP )→ τ g)
dξ dQ2
fg(ξ,Q
2)
}
.
(22)
The integration limits are given in Appendix E.
3 Numerical results
In this section, we present the main features and results of our numerical analysis performed
on the SMEFT D = 6 operators generating CLFV τ -involved processes: hadronic τ decays and
`–τ conversion in nuclei. In the first part, we introduce the HEPfit tool [43] employed in the
analysis and its statistical framework. We also present the existing or expected experimental
limits on these processes. In the second part, we present the results of the fits for each process
class (tau decays or conversion in nuclei) individually as well as the combined analysis, making
always the distinction between the 1) CLFV with FCNC, and 2) CLFV only cases.
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3.1 Set-up
The effects of new physics on the physical observables are parametrized within the SMEFT
framework by the Wilson coefficients (WCs) Ci and the energy scale where the new degrees of
freedom live; in our case we denote this scale as ΛCLFV. In general, every observable with a
specific experimental bound will depend on several WCs. Consequently, in our work, we have
a set of observables related to CLFV phenomena, each depending on several WCs and ΛCLFV.
Our goal is to translate the available information on the former into relations and constraints
for the latter. Actually, we will be fitting (as is usual) the ratio C/Λ2CLFV. This is achieved
with help of HEPfit, an open-source tool embedded with a Bayesian statistical framework that
uses a Markov chain Monte Carlo (MCMC) routine. In this way the complete WC parameter
space can be sampled. As output, we obtain allowed values for the WCs at different confidence
levels, as well as the correlations among all of them. Since we are working within a Bayesian
framework, the priors we set for the WCs (i.e. their initial probability distributions we choose)
will be of primordial importance: We use flat distributions for the WCs since we do not have
any reason to favour some values over others.
Due to the fact that the studied CLFV processes depend on more than one WC, we could
not know which WC (or WCs) is (are) behind one possible experimental signal. Measurements
of other CLFV processes would be required in order to answer what kind of new physics is
responsible for these observations. This is where the main importance of our general numerical
analysis lies. Without additional information, a naive analysis of the sensitivity of the observ-
ables on individual Wilson coefficients would lead to overestimated (too strong) bounds on the
latter: If the actual new physics contributes through more than one operator, this sensitivity
gets diluted due to the correlations among different WCs.
3.1.1 Experimental bounds
The best experimental results on CLFV hadronic τ decays (as upper limits on the widths) have
been given mainly by Belle and BaBar [31]. Possible final states considered in this work are
τ → `P : P = pi0, K0, η, η′ ,
τ → `P1P2 : P1P2 = pi+pi−, K0K¯0, K+K−, pi+K−, K+pi− ,
τ → `V : V = ρ0(770), ω(782), φ(1020), K∗0(892), K¯∗0(892) .
Note that in Appendix D we give the RχT results for the hadronization of the quark currents
into two pseudoscalars for more states than those listed here. This is because of the lack of
experimental data on those decays; there are still many processes that have not been searched
for. The expressions for the decay widths and our definition of the width of tau decays into
hadron resonances are given in Appendix F. This analysis is expected to be improved when new
data appear and better bounds are set, as it should be the case with Belle II [65]: They claim an
improvement on the sensitivity by at least one order of magnitude. Hence, we will also consider
the Belle II expected limits.
Regarding `–τ conversion in nuclei, there are no experimental limits yet. However, for the
numerical analysis and intending to show the relevance of this process for CLFV searches, we
will consider the most conservative expected sensitivity of the NA64 experiment [37]. This can
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be further translated in terms of the limits on the physical observables of our interest as
R` τ =
σ(`N → τ X)
σ(`N → `X) ∼ 10
−13 − 10−12 . (23)
Here, the numerator is given by Eq. (22) and the denominator is the dominant contribution to
the inclusive ` + N process: the lepton bremsstrahlung on nuclei, that we take from Eq. (21)
of Ref. [37]. We will use two specific nuclei, namely Fe(56,26) and Pb(208,82). Following the
prospects of this experiment, we consider for the energy of the incident lepton beam Ee =
100 GeV and Eµ = 150 GeV for electrons and muons, respectively.
3.1.2 Wilson coefficients
In what follows, we slightly modify the basis of D = 6 operators contributing to CLFV shown
in Table 1, so that it suits better our study. We comment on some (hopefully well-motivated)
modifications of several WCs, as well as their running.
First, we find that the operators O(1)ϕL and O(3)ϕL lead to the same contribution to CLFV τ -
involved processes. Therefore, our analysis is not sensitive to associated WCs separately, but
only to their combination, namely
C
(1) ′
ϕL ≡ C(1)ϕL + C(3)ϕL . (24)
Likewise, for the non-FCNC case, once the analysis is performed, it turns out that we cannot
distinguish between this redefined C
(1) ′
ϕL and C
(3)
LQ. This forces us to consider only the following
combination as independent:
C
(3) ′
LQ ≡ C(3)LQ + C(1)ϕL + C(3)ϕL . (25)
Similarly, the contributions stemming from OeB and OeW are equal up to factors of cW ≡ cos θW
and sW ≡ sin θW, with θW being the weak angle. We are thus again not sensitive to these two
WCs, but only to their combination. Moreover, both operators contribute through a photon
and Z exchange. Hence, to disentangle these contributions, we can do a ‘rotation’ of both WCs
and define their particular combinations Cγ and CZ as(
Cγ
CZ
)
=
(
cW −sW
sW cW
)(
CeB
CeW
)
. (26)
We will then put constrains on Cγ and CZ instead of CeB and CeW .
Second, as we discussed in Section 2.2.2, our inability to calculate the physical observables
to all orders in the perturbation theory produces an artificial dependence of the WCs on the
energy scale. Therefore, in order to compare the constraints set on the WCs coming from
different processes at different energies, we should apply the renormalization-group equations
(RGEs) to run all the WCs to the same energy scale. We will only consider the QCD running
since it is (by far) dominant, and perform the analysis at the scale of τ decays. Likewise, since,
in effective field theories, the scale dependence of WCs is closely related to the scale dependence
of associated currents of the fundamental theory, we should only worry about the scalar and
tensorial quark currents present in the four-fermion operators of Table 1: Vectorial currents do
not run in QCD and so neither do their WCs.
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For the scalar quark currents, both for q¯iqi and q¯iqj, we arrive at scale-independent WCs
C ′LedQ and C
(1)′
LeQu using the following redefinitions:
CLedQ =
mi
mτ
C ′LedQ , C
(1)
LeQu =
mi
mτ
C
(1)′
LeQu . (27)
This allows us to remove the scale dependence of B0 in τ decays through the χPT relation
2B0Mq 'M , with Mq = diag(mu,md,ms) being the diagonal matrix of the light quark masses
and M the pseudoscalar physical-mass matrix defined in Eq. (7). The running of the tensorial
WC is given by
C
(3)
LeQu(mτ ) = Z(mτ , µ`−τ )C
(3)
LeQu(µ`−τ ) , (28)
where C
(3)
LeQu(mτ ) is the WC at the scale of hadronic τ decays. The Z-factor is given by
Z(mτ , µ`−τ ) =
[
α4s(mτ )
α4s(mb)
]− 12
75
[
α5s(mb)
α5s(µ`−τ )
]− 12
69
. (29)
Finally, the set of 15 independent WCs considered in our general (with FCNC) analysis
reads{
C
(1)
LQ, C
(3)
LQ, Ceu, Ced, CLu, CLd, CQe, C
′
LedQ, C
(1) ′
LeQu, C
(3)
LeQu(mτ ), C
(1) ′
ϕL , Cϕe, Cγ, CZ , Ceϕ
}
. (30)
For the non-FCNC scenario, one needs to trade C
(1) ′
ϕL and C
(3)
LQ for their combination C
(3) ′
LQ from
Eq. (25).
3.2 Results
Here, we present the main results obtained from the numerical analysis in several different
scenarios. First, we address the case of hadronic τ decays both for the existing Belle and
expected Belle II limits. Second, we focus on `–τ conversion in nuclei. Finally, we show the
results of the combined analysis.
3.2.1 Hadronic τ decays
The observables used in this analysis are the branching ratios of τ decays into an electron or a
muon and the hadronic final states given in Section 3.1.1. In total, there are 14 observables for
each final-state-lepton flavour. Needless to mention, these observables are not equally sensitive
to all WCs and the experimental limits are not equally strong either. This then leads to different
constraints on the ratios C/Λ2CLFV and correlations among them.
After using the current limits from Belle (see Fig. 5), the least constrained WCs are — due
to the small quark masses involved — the scalar (Higgs) Ceϕ and (up-type-quark) C
(1) ′
LeQu. These
are followed by the ‘rotated’ CZ and the other scalar WC C
′
LedQ. The C
(1) ′
ϕL and Cϕe, both
contributing via an intermediate-Z-exchange diagram, as well as the 4-fermion vectorial WCs
are practically equally constrained: Here, the down-type-quark WCs are constrained slightly
stronger. The constraint on the tensorial C
(3)
LeQu is then slightly stronger than on the 4-fermion
ones. Finally, the strongest constraint is on the ‘rotated’ Cγ. Let us now comment on how the
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Figure 5: Constraints on ΛCLFV with respect to the values of WCs, based on the current Belle
(shades of blue) and expected Belle II (shades of red) limits, given at the 99.8 % confidence level.
The four-fermion WCs are represented altogether as C4ψ. For a given set of limits (distinguished
by blue and red color shades), the lighter shades correspond to the WCs listed in the first row of
the key (omitting now for a moment the common four-fermion WC C4ψ) and the darker shades
correspond to the WCs listed in the second row. To make the use of the plot even simpler,
for a given set of bounds (red or blue lines), the WCs (again up to C4ψ) are listed in the key
in the same order as they appear in the plot, the light-shaded lines being always above the
dark-shaded ones. Similarly, for a given WC, the red line appears always above the blue line,
corresponding to stronger limits expected from Belle II.
situation changes while including/excluding the FCNCs. First, the non-FCNC case results in
an incapability of disentangling the contribution of C
(3)
LQ and C
(1) ′
ϕL , so we are only sensitive to
their combination (25). Second, FCNCs only happen through 4-fermion operators. One would
then expect these to be less constrained in the non-FCNC case. However, the lost of sensitivity
on C
(3)
LQ and C
(1) ′
ϕL separately results in lower correlations among the redefined C
(3) ′
LQ , C
(1)
LQ and
CLu; see also Figs. G.1 and G.2 of Appendix G for direct comparison. As compared to the
FCNC case, this in turn leads to a slightly stronger constraint on C
(3) ′
LQ , equal constraints for
both C
(1)
LQ and CLu, and slightly weaker ones for the rest of the 4-fermion WCs. The latter effect
is enhanced even further for the cases of Ceu, Ced and CQe due to the increase of the correlations
among these WCs. Note also that, due to the strong correlation between C ′LedQ and Ceϕ, and
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the lower constraint on the former due to the previous argument, the constraint on the latter is
also reduced in the non-FCNC case.
Considering WCs are of order 1, the current Belle limits are probing energy scales up to
≈ 120 TeV: This holds for the best case related to Cγ, while the scale of 1 TeV is not reached for
the least constrained WCs. This situation is expected to improve with Belle II by approximately
a factor of 3. Examining the expected Belle II limits, the analysis results in the same pattern
of constraints as in the previous case of Belle limits (see again Fig. 5). In Table 2 we give
(including FCNCs) the energy scales probed both by Belle and Belle II for WCs of order 1.
Bounds on ΛCLFV [TeV]
WC Belle Belle II WC Belle Belle II
C
(1)
LQ & 8.5 & 26 C
(1) ′
LeQu & 0.65 & 1.8
C
(3)
LQ & 7.5 & 21 C
(3)
LeQu & 12 & 33
Ceu & 7.7 & 22 C(1) ′ϕL & 6.3 & 17
Ced, CLd & 10 & 26 Cϕe & 8.8 & 26
CLu & 6.5 & 20 Cγ & 120 & 330
CQe & 11 & 28 CZ & 0.79 & 2.1
C ′LedQ & 2.9 & 7.9 Ceϕ & 0.54 & 1.5
Table 2: Bounds on the new-physics energy scale mediating CLFV phenomena (ΛCLFV) in tau
decays. Here, we consider C ≈ 1. The results are based on Belle and Belle II limits, given at
the 99.8 % confidence level.
The single-parameter analyses (i.e. when only one WC is kept nonzero) typically provide
stronger bounds as compared to the marginalized approach, where all parameters are varied
simultaneously. As it was pointed out at the beginning of Section 3.1, since more than one
D = 6 operator could be involved in each CLFV process, single-parameter analyses could be
missing some important information — for instance, the possible correlations among some of
the parameters. The bounds on these parameters would then be too strong. In Fig. 6 we give
both the individual and marginalized bounds based on the Belle and Belle II limits; we refer
the reader to Appendix G for correlation matrices.
3.2.2 `–τ conversion in nuclei
Considering `–τ conversion in nuclei only, we perform the fit by taking into account four observ-
ables: two for each lepton (electron and muon) and other two for different nuclei, Fe(56,26) and
Pb(208,82). The normalization channel (the bremsstrahlung cross section) in the observable
under consideration (23) is much larger for electrons than for muons, as it is for lead compared
to iron. This means that the results will be mainly driven by the µ–τ conversion in Fe(56,26)
and to a lesser degree in Pb(208,82), as it, indeed, turns out to be the case. Accordingly, this
fit behaves as a single-parameter analysis. The correlation matrix (see Fig. G.3 of Appendix G)
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|C(1)LQ|
|C(3)LQ|
|Ceu|
|Ced|
|CLu|
|CLd|
|CQe|
|C ′LedQ|
|C(1)′LeQu|
|C(3)LeQu|
|C(1)′φL |
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|Cγ |
|CZ |
|Ceφ|
10−11 10−10 10−9 10−8 10−7 10−6 10−50
Marginalized
Individual
≈
≈
≈
≈
≈
≈
≈
≈
≈
≈
≈
≈
≈
≈
≈
≈
≈
Figure 6: Constraints on C/Λ2CLFV [GeV
−2] based on the current Belle limits, stemming from
the marginalized and individual analyses for tau decays, given at the 99.8% confidence level.
is thus almost diagonal, except for the C
(1) ′
LeQu–C
(3)
LeQu correlation of ρ ≈ 0.5, and for the case
C
(3)
LQ–C
(1) ′
ϕL for which we find ρ ≈ 0.66: Even though we are able to constrain the WCs from the
latter pair separately (as opposed to the non-FCNC case), their correlation is still strong.
The pattern of constraints is shown in Fig. 7. The weakest constraints are again for the
Higgs WC Ceϕ, followed by the ‘rotated’ CZ one order of magnitude away. After this comes the
scalar C
(1) ′
LeQu, and the remaining WCs then follow the same pattern as for hadronic τ decays.
Note that the order of CZ and C
(1) ′
LeQu has been inverted compared to the previous case. This
is due to the fact (since we are considering FCNCs) that for `–τ conversion it is possible to
have an outgoing charm quark after the effective interaction has taken place. Hence, due to
the redefinition of Eq. (27), the related matrix element is enhanced by the mass of the charm
quark.
Based on the expected sensitivity of the NA64 experiment, it would be possible to probe
energy scales from ≈ 30 GeV for Ceϕ up to ≈ 7.5 TeV for Cγ, as it is shown in Table 3. There,
we give also the numbers for the e–τ case separately. As we said above, the numerical analysis
is dominated mainly by the µ–τ conversion, which means that the constraints obtained by
considering the e–τ case only are much worse. This implies that the quantity Rµτ related to
the µ–τ conversion in nuclei is the one more sensitive to new physics in this case.
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Figure 7: Constraints on ΛCLFV with respect to the values of WCs from µ-τ conversion in
Fe(56,26), based on the expected sensitivity of the NA64 experiment, given at the 99.8 % con-
fidence level.
Comparing the non-FCNC scenario with respect to the FCNC case for the `–τ conversion,
the main differences are as follows. First, the incapability to disentangle, as for τ decays, the
contributions from C
(3)
LQ and C
(1) ′
ϕL (due to their strong correlation) forces us again to consider the
redefinition (25): We can thus be sensitive to both operators independently only when FCNCs
are included. Second, all 4-fermion WCs are less constrained, the largest difference occurring
for C ′LedQ (two orders of magnitude weaker constraint regarding the ratio C/Λ
2
CLFV) and C
(1) ′
LeQu
(for which this analysis is actually not sensitive at all). The previous correlation among the
latter and C
(3)
LeQu is trivially lost, because of the redefinition (27) together with the vanishing
up-quark mass, which we consider throughout the work. The constraints on the remaining WCs
stay practically the same and the correlation matrix is rather diagonal.
3.2.3 Combined analysis
From the discussion and results of the previous sections, it is straightforward to see that the
results of the combined analysis — where we consider 28 hadronic τ decay channels and 4 cross
sections of `–τ conversion in nuclei — are dominated by the current Belle or expected Belle II
limits. We may try different ratios (23) for `–τ conversion in nuclei in order to see at which
point these processes become competitive with the hadronic τ decays. We find that already
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Bounds on ΛCLFV [TeV]
WC e–τ µ–τ WC e–τ µ–τ
C
(1)
LQ & 0.13 & 1.7 CLedQ & 0.06 & 0.9
C
(3)
LQ & 0.11 & 1.5 C
(1)
LeQu & 0.05 & 0.6
Ceu & 0.11 & 1.4 C(3)LeQu & 0.2 & 2.7
Ced & 0.11 & 1.4 Cϕe, C(1)ϕL & 0.08 & 1
CLu & 0.09 & 1.1 Cγ & 0.6 & 7.5
CLd & 0.09 & 1.2 CZ & 0.02 & 0.3
CQe & 0.1 & 1.4 Ceϕ & 0.003 & 0.04
Table 3: Bounds on the new-physics energy scale mediating CLFV phenomena (ΛCLFV), both
for e–τ and µ–τ conversion in Fe(56,26). Here, we consider C ≈ 1. The results are based on
the expected sensitivity of the NA64 experiment, given at the 99.8 % confidence level.
with R` τ ∼ 10−13 the scalar C(1) ′LeQu receives a stronger constraint from the µ–τ conversion due
to its large sensitivity to the charm-quark mass (when considering FCNCs and the redefinition
of Eq. (27)). Nevertheless, it is not until we reach R` τ ∼ 10−15 that µ–τ plays a significant role
in the analysis: Most of the correlations among the WCs are then removed or diluted, which
allows for slightly stronger constraints on the WCs compared to the ones Belle alone provides.
This implies that, in case that several LFV hadronic τ decays would be observed by Belle II,
µ–τ conversion in nuclei may have the last word in unveiling what D = 6 operator(s) is/are
behind the new-physics mechanism responsible for this manifestation of charged-lepton-flavour
violation.
4 Conclusions
We have presented a model-independent numerical analysis of the SMEFT dimension-6 operat-
ors related to CLFV τ -involved processes: We used the current Belle and the expected Belle II
limits on hadronic τ decays, as well as a more exotic process, the `–τ conversion in nuclei, still
not tried but feasible at the NA64 experiment at CERN. We have used HEPfit to perform the
statistical part of the analysis.
After BaBar and Belle experiments, tau decays started to be considered complementary to
processes involving electrons and muons in the search for CLFV. That capability will be enforced
even more with the expected results of the Belle II experiment. Here, we have studied the LFV
decays of the tau lepton into hadrons by explaining in detail the procedure of hadronization.
The wide range of possible final states provides 14 specific observables to include in our analysis.
Our results show that the WC of the operatorOγ = cWOeB−sWOeW is the most constrained one
providing, for Cγ ≈ 1, a bound of ΛCLFV > 120 TeV (based on Belle data) or ΛCLFV > 330 TeV
(foreseen by Belle II).
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In comparison with the µ–e conversion in nuclei widely studied in the bibliography, µ–τ
conversion has not attracted much attention, mainly due to the fact that its possible experi-
mental determination has non-trivial complexities. However, in our opinion, the µ–τ conversion
is again a complementary tool in the endeavour of looking for CLFV since it obeys different
dynamics compared to that of the µ–e conversion and, accordingly, it could provide an inde-
pendent setting. In addition, its feasibility at NA64 at CERN should be strongly considered,
although other fixed-target experiments (ILC, EIC, etc.) also offer good expectations. In our
study, we have taken into account both the e–τ and µ–τ conversion in Fe(56,26) and Pb(208,82)
and we have concluded that µ–τ conversion in Fe(56,26) imposes the strongest constraints. In
the latter case, the Oγ operator is again the most constrained, but giving only ΛCLFV > 7.5 TeV
for Cγ ≈ 1. We conclude that the current expected sensitivity, for instance, of the NA64 ex-
periment cannot compete with Belle limits and it would need an improvement of at least two
orders of magnitude in order to explore a slightly larger parameter space.
The outcomes of our analyses show that the experimental results on hadronic tau decays
expected by Belle II could improve significantly the search for LFV in such processes. Although
the search for `–τ conversion in nuclei cannot compete, at present, with the information coming
from tau decays, it could be used to unveil the relative weights of different dimension-6 operators.
Finally, we have explicitly demonstrated the necessity to perform a marginalized numerical
analysis of the parameters under consideration (see Fig. 6 for explicit comparison): In this
way, one can avoid naively deducing stronger estimates obtained when considering only one
non-vanishing WC at a time.
This work sets a useful setting in the search of physics beyond the Standard Model — namely
charged-lepton-flavour violation — through a systematic analysis within the framework of the
Standard Model Effective Field Theory, taking into account all presently available information
from experiments involving charged-lepton-flavour violation and the third family. Moreover,
our tool will also be of use for analysing results from upcoming experiments like Belle II.
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Appendices
A Amplitudes generated by D = 6 operators
The D = 6 operators [29] of the SMEFT Lagrangian that are noninvariant under U(1)e×U(1)µ×
U(1)τ rotations of the lepton fields while keeping the diagonal U(1)L symmetry (conserving the
overall lepton number) generate CLFV processes. Within this setting, operators listed in Table 1
generate tree level and also some particular 1-loop amplitudes to those processes. The latter
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have been considered by other authors and we also include them in our study. All the relevant
amplitudes are collected in this appendix.
A.1 The tree-level amplitudes for τ− → `− qq and `−q → τ−q, with
` = e, µ
The amplitudes for these processes with light quarks in the final state, namely q = u, d, s, can
be divided into four structures:
Mtree = Mloc +MZ +Mγ +MH . (A.1)
Mloc corresponds to the contributions of four-fermion local operators (like those shown in
Figs. 1(a) or 3(a)) and consists of the following matrix elements stemming from the respective
operators (here we show the matrix elements for the `2q → `1q process; for different configura-
tions, see the end of this section):
M(1)LQ =
C
(1)
LQ
Λ2CLFV
[u¯`1γµPLu`2 ][(u¯uγ
µPLuu) + (u¯dxγ
µPLudx)] ,
M(3)LQ =
C
(3)
LQ
Λ2CLFV
[u¯`1γµPLu`2 ][−(u¯uγµPLuu) + (u¯dxγµPLudx)] ,
Meu = Ceu
Λ2CLFV
[u¯`1γµPRu`2 ][u¯uγ
µPRuu] ,
Med = Ced
Λ2CLFV
[u¯`1γµPRu`2 ][u¯dxγ
µPRudx ] ,
MLu = CLu
Λ2CLFV
[u¯`1γµPLu`2 ][u¯uγ
µPRuu] ,
MLd = CLd
Λ2CLFV
[u¯`1γµPLu`2 ][u¯dxγ
µPRudx ] , (A.2)
MQe = CQe
Λ2CLFV
[u¯`1γµPRu`2 ][(u¯uγ
µPLuu) + (u¯dxγ
µPLudx)] ,
MLedQ = CLedQ
Λ2CLFV
{
[u¯`1PRu`2 ][u¯dxPLudx ] + [u¯`1PLu`2 ][u¯dxPRudx ]
}
,
M(1)LeQu = −
C
(1)
LeQu
Λ2CLFV
{
[u¯`1PRu`2 ][u¯uPRuu] + [u¯`1PLu`2 ][u¯uPLuu]
}
,
M(3)LeQu = −
C
(3)
LeQu
Λ2CLFV
{
[u¯`1σµνPRu`2 ][u¯uσ
µνPRuu] + [u¯`1σµνPLu`2 ][u¯uσ
µνPLuu]
}
.
MZ and Mγ encode the contributions mediated by Z and γ bosons, respectively, i.e. the
processes τ → ` {Z, γ}, followed by {Z, γ} → qq (Figs. 1(b) and 3(b)):
Mϕe = CϕeM
2
Z
Λ2CLFV
[u¯`1γ
µPRu`2 ]
(−gµν + qµqν/M2Z)
q2 −M2Z
{
[u¯uγ
ν(vu − auγ5)uu] + [u¯dxγν(vd − adγ5)udx ]
}
,
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M(1)ϕL =
C
(1)
ϕLM
2
Z
Λ2CLFV
[u¯`1γ
µPLu`2 ]
(−gµν + qµqν/M2Z)
q2 −M2Z
{
[u¯uγ
ν(vu − auγ5)uu] + [u¯dxγν(vd − adγ5)udx ]
}
,
M(3)ϕL =
C
(3)
ϕLM
2
Z
Λ2CLFV
[u¯`1γ
µPLu`2 ]
(−gµν + qµqν/M2Z)
q2 −M2Z
{
[u¯uγ
ν(vu − auγ5)uu] + [u¯dxγν(vd − adγ5)udx ]
}
,
M(Z)eB =
i CeBsWMZ√
2Λ2CLFV
[u¯`1σ
µνu`2 ]
Ωµνα
q2 −M2Z
{
[u¯uγ
α(vu − auγ5)uu] + [u¯dxγα(vd − adγ5)udx ]
}
,
M(Z)eW =
i CeW cWMZ√
2Λ2CLFV
[u¯`1σ
µνu`2 ]
Ωµνα
q2 −M2Z
{
[u¯uγ
α(vu − auγ5)uu] + [u¯dxγα(vd − adγ5)udx ]
}
,
M(γ)eB = −
i CeB
Λ2CLFV
√
2sWc
2
WMZQq[u¯`1σ
µνu`2 ]
Ωµνα
q2
{
[u¯uγ
αuu] + [u¯dxγ
αudx ]
}
,
M(γ)eW =
i CeW
Λ2CLFV
√
2s2WcWMZQq[u¯`1σ
µνu`2 ]
Ωµνα
q2
{
[u¯uγ
αuu] + [u¯dxγ
αudx ]
}
. (A.3)
Note that we have separated the contribution of the operators OeB and OeW into those governed
by the photon and the Z boson. In Eqs. (A.2) and (A.3), cW = cos θW and sW = sin θW are the
trigonometric functions of the weak mixing (also called Weinberg) angle and the index x at the
d spinors refers to the first or second family, i.e. dx ∈ {d, s}: Note that inMloc we assume that
there are no FCNCs in the quark bilinears. Further, we also used PL,R =
1
2
(1∓ γ5),
Ωµνα = qµ gνα − qν gµα , (A.4)
and the SM weak couplings are
vu =
1
2
− 4
3
s2W , vd = −
1
2
+
2
3
s2W ,
au =
1
2
, ad = −1
2
. (A.5)
Finally, MH corresponds to the intermediate-Higgs contribution: τ → `H, H → qq (Figs. 1(c)
and 3(c)). This is driven by Oeϕ and by the Higgs–quark–quark coupling in Leff that we have
obtained in Eq. (B.6). As we are considering mu = md = 0 and ms 6= 0, we only have
contribution to τ → `s¯s given by
MH = Ceϕ
Λ2CLFV
7v
6
√
2
1
(q2 −M2H)
[u¯`1u`2 ]msu¯sus , (A.6)
with v = 〈0|φ|0〉 = (√2GF )−1/2, which correspond to diagrams (c) in Figs. 1 and 3. Our results
in Eqs. (A.2), (A.3) and (A.6) are relevant for both τ → `qq and `q → τq, changing the u to v
spinors appropriately and applying the following choices:
• For τ(k)→ `(k′)q(p′)q(p), `1 = ` and `2 = τ , with q = k − k′ = p+ p′.
• For `(k)q(p)→ τ(k′)q(p′), `1 = τ and `2 = `, with q = k − k′ = p′ − p .
24
A.2 The one-loop amplitude for τ− → `−gg, with ` = e, µ
We consider the gluon-involved contribution to the τ− → `−P¯P process (P stands for a pseudo-
scalar meson) upon hadronization of the two gluons from the τ− → `−gg amplitude that, as
pointed out in Ref. [23], can be represented via the dominant Higgs-exchange contribution shown
in Fig. 2. The associated matrix element is generated by operator Oeϕ from Table 1, together
with the part of Eq. (B.6) related to the energy–momentum tensor that arises, essentially, from
the gluon final state through the trace anomaly of QCD, as explained in Section B.1. The
matrix element for the hadronization into a PP pair of pseudoscalar mesons reads
Mτgg = Ceϕ
Λ2CLFV
v
3
√
2
1
(q2 −M2H)
[u¯` uτ ] θP (q
2) , (A.7)
where θP (q
2) ≡ 〈P (p′)P (p) | θµµ | 0 〉 and q = p+ p′.
A.3 The one-loop amplitude for `−g → τ−g, with ` = e, µ
We include two one-loop diagrams contributing to the `–τ conversion process; see Fig. 4. The
Higgs contribution was already considered in Ref. [36], where it was claimed to represent the
dominant Higgs amplitude to this process; in addition, we consider the Z contribution. The
peculiarities of the loop part of those diagrams are discussed in detail in Appendix B. The
matrix element for the Higgs contribution to the `g(p)→ τg(p′) amplitude is
MHl = Ceϕ
Λ2CLFV
3 v√
2
[u¯τu`]
gHgg
q2 −M2H
[
q2gµν − 2p′µpν
]
εµa(p) ε
∗ν
a (p
′) , (A.8)
where
gHgg =
∑
Q=c,b,t
αS
2pi
m2q
q2
[
1− q
2
2
(
1− 4m
2
q
q2
)
C0(q
2,m2q)
]
. (A.9)
Above, the sum runs over the heavy quarks only (namely Q = c, b, t), q = p′− p and C0(q2,m2q)
is given by Eq. (B.8). Notice that in Eq. (A.8) there is a sum over the color (a) in the gluon
polarizations. The matrix element for the Z contribution is
MZl =
(
Cϕe
Λ2CLFV
[uτγσPR u`] +
(
C
(1)
ϕL
Λ2CLFV
+
C
(3)
ϕL
Λ2CLFV
)
[uτγσPL u`]
)
× αS
pi
qσ
q2
εαβµν q
α (p+ p′)β εµa(p) ε
∗ν
a (p
′)
∑
q
I3w,qm
2
q C0(q
2,m2q) ,
(A.10)
where the sum now runs over all quark flavours and I3w,q = ±12 is the quark weak isospin
(eigenvalue of the σ3/2 generator) same for each quark family. For completeness, we use the
0123 = −1 convention for the Levi-Civita tensor, even though the phase of the last equation
has no physical effect on the resulting cross section.
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HQ
g g
Figure B.1: Triangle diagram contributing to H → gg. Q indicates a heavy quark, Q = c, b, t.
For the final contribution one needs to add an analogous (cross) contribution with the gluons
interchanged (or, equivalently, reversed quark momenta in the loop).
B Triangle diagrams
The computation of diagrams involving gluons in Figs. 2 and 4 imply several features that we
intend to explain in this appendix, and are due to the trace anomaly of QCD [66–69] and the
Landau–Yang theorem [70,71].
B.1 SVV Green function
The Hgg vertex at one loop contributes both to the H → gg decay in Fig. 2 and the gH → g
dynamical vertex in diagram (a) of Fig. 4. In the latter case, it is a part of the computation of
the µ–τ conversion in nuclei, and the gluon hadronization at E  mτ will then be carried out
through the nucleon PDFs. We are interested here in the hadronization mechanism that involves
‘gg → hadrons’ in the contribution to tau decays in Fig. 2, in particular, into a pseudoscalar
pair.
The Higgs interaction with quarks is given, after spontaneous breaking of the electroweak
symmetry, by the Standard Model Lagrangian
L = −
∑
q
mq
v
h ψ¯qψq , (B.1)
where v = (
√
2GF )
−1/2 ≈ 246 GeV and the sum extends on light q` = u, d, s and heavy quarks
Q = c, b, t. With the quark-gluon vertices of the QCD Lagrangian, we can now compute the
diagram in Fig. B.1 for an off-shell Higgs field with q2 . m2τ by including only the (dominant)
heavy quarks Q in the loop. For large quark masses mQ  mτ we have a low-energy local
effective Lagrangian independent of the heavy quark mass [45]:
Leff = αS nQ
12pi v
hGaµνG
µν a −
∑
q=u,d,s
mq
v
h ψ¯qψq , (B.2)
where nQ is the number of heavy quarks in the loop and G
a
µν is the strength field tensor of
the QCD gluon. In order to get the matrix element of the gluon operator in Leff for a two-
pseudoscalar-mesons final state, we use the relation of that operator with the trace of the
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energy–momentum tensor of QCD. The latter has an anomaly and reads [66–69]
θµµ =
β(αS)
4αS
GaµνG
µν a +
∑
q
mq (1 + γmq) ψ¯qψq , (B.3)
where q = u, d, c, s, b, t. Above,
γmq(µ) = µ
dlnmq
dµ
, β(αS) = −
(
9− 2
3
nQ
)
α2S
2pi
+O(α3S) . (B.4)
Note that θµµ is a scale-independent composite operator [72].
The gluon part of the effective action in Eq. (B.2) arises from the contribution of the heavy
quarks Q in the loop shown in Fig. B.1, using for the Higgs–quark–quark vertex the interaction
term from Eq. (B.1). Hence, neglecting the higher-order γm terms in θ
µ
µ, we can integrate out
the heavy quarks obtaining
θµµ =
β(αS)
4αS
GaµνG
µν a − αS
12pi
nQG
a
µνG
µν a +
∑
q=u,d,s
mqψqψq , (B.5)
and the nQ dependence cancels. Finally, we can rewrite our effective action as
Leff = − h
9 v
(
2 θµµ + 7
∑
q=u,d,s
mqψqψq
)
. (B.6)
B.2 AVV Green function
In order to compute the diagram (b) in Fig. 4 contributing to the µ–τ conversion in nuclei, we
need to consider the subdiagram in Fig. B.2. Because the V − A structure of the Z–quark–
ZL
q
g g
Figure B.2: Triangle diagram contributing to ZL → gg. Here, q is a generic quark, q =
u, d, c, s, t, b. The final contribution comes from adding to this diagram the analogous one with
the quark momenta in the loop reversed.
quark vertex, it contributes both to the V V V and AV V Green functions. The Landau–Yang
theorem [70, 71] states that a massive vector (J = 1) cannot decay into two on-shell identical
27
massless vectors; hence, we cannot have Z → γγ or Z → gg (as the gluons have identical
colour in this process). For any off-shell vector, the theorem does not apply. In our case we
notice that the V V V contribution vanishes identically and independently of the on- or off-
shellness of the Z boson: surely, a consequence of Furry’s theorem. For the AV V component,
we observe that the two-gluon system catches the scalar part (J = 0) of the off-shell Z boson,
i.e. its longitudinal component ZL that, accordingly, does not give a pole. Hence, the only
non-vanishing contribution is given by ZL → gg.
We recall that the AV V Green function carries the axial (Adler–Bell–Jackiw) anomaly [73–
75]. Using the diagram in Fig. B.2 to compute Tαµν(p, p
′) ≡ iM(gµ(p)Zα(q) → gν(p′)) for
on-shell gluons we obtain
Tαµν =
αS
2pi
e
sin 2θW
qα
q2
εµνκλ q
κ (p+ p′)λ
∑
q
I3w,q [1 + 2m
2
qC0(q
2,m2q)], (B.7)
where the sum extends to all quarks, I3w,q is the weak isospin of a quark of flavour q and
C0(q
2,m2q) is the Passarino–Veltman scalar triangle function [76]
C0(q
2,m2q) ≡ C0(0, 0, q2,m2q,m2q,m2q) =
1
2q2
ln2
[√
1− τ − 1√
1− τ + 1 + iε
]
, (B.8)
with τ ≡ 4m2q/q2. The first term in [1 + 2m2qC0(q2,m2q)] in Eq. (B.7) is the contribution of
the axial anomaly. Note, however, that as this term is multiplied by the I3w,q = ±12 factor,
the anomalous term cancels when adding the two members of each family of quarks, which
results in the anomalous-free amplitude, as is desirable. In addition, and as commented above,
Tαµν ∝ qα, where qα is the 4-momentum of the Z boson. Accordingly, when contracted with
the gauge-boson propagator, the pole in the latter cancels, as corresponds to the fact that the
longitudinal component (scalar part) of a spin-1 boson is the only one contributing here.
C Resonance Chiral Theory
RχT is a phenomenological framework based on the dynamics driven by effective field theories
and the chiral symmetry of QCD [48–50]. It extends the model-independent χPT scheme by
adding to the theory the fields of octets of hadron resonances that:
• i) lie in the E . 2 GeV region although, in practice, only the lightest multiplets are
included;
• ii) cannot be generated by loops of the pseudoscalar mesons, i.e. remain in the limit of
large number of colours (NC →∞).
A summary of its features is given in Ref. [77]. Here, we follow the notation and definitions of
Ref. [50, 51] with NF = 3 flavours.
The basic structure of the RχT Lagrangian is generically given by chiral and SU(3) symmetry
as:
LRχT = LGB +
∑
i
Lkin(Ri) +
∑
i
〈Ri (αa χa2 + βa χa4 + . . . ) 〉
+
∑
i,j
〈RiRj (γa χa2 + . . . ) 〉 + . . . ,
(C.1)
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where
LGB = F
2
4
〈uµ uµ + χ+ 〉 +
12∑
i=1
LSDi O
(4)
i +
94∑
j=1
CSDj O
(6)
j + . . . (C.2)
is the chiral Lagrangian involving only the octet of pseudoscalar Goldstone fields and the external
auxiliary fields. Here, F is the decay constant of the pion. The first term in Eq. (C.2) is the
O(p2) Lagrangian of χPT, while the higher-order operators have the same structure as those
of the chiral Lagrangian, but with different couplings. The couplings in Eq. (C.2) (of O(pn)
for n > 2) labelled ‘SD’ do not have contributions that could be obtained upon integration
of the resonance fields in LRχT — because the latter are explicit in the theory — and are,
a priori, unknown. In this way, double counting is avoided. In the above equations, 〈A〉
indicates the SU(3) trace of the matrix A, Ri are the hadron resonance fields, and χ
a
i are chiral
operators of order O(pi) that transform as the resonance fields under SU(3) and contain again
only the pseudoscalar Goldstone and the external fields. In addition, note that, for instance,
αa χ
a
2 = α1 χ
1
2 + α2 χ
2
2 + . . . and the sum extends to all possible operators that the symmetry
allows. The couplings αa, βa, . . . are not given by the symmetry alone. We will only consider
the simplest (leading O(p2)) structure 〈Ri χ2 〉 in our resonance Lagrangian.
A priori, the RχT Lagrangian does not know anything about the short-distance structure
of QCD. Hence, it must always be implemented, as much as possible, with short-distance con-
straints [49,78–80] that will provide the information on the (a priori) unknown couplings, namely
LSDi , C
SD
i , αa, βa, . . . and so on.
As explained in the main text, we intend to use the RχT framework to provide the had-
ronization of the quark bilinears of our perturbative results. We are interested in the τ lepton
decaying into one or two pseudoscalars, or a vector resonance. Hence, we only need to include
the resonances that can contribute to the dynamics of those final states. These will be SU(3)
octets of scalars, pseudoscalars, vectors and spin-2 tensors.3 It is important to point out that
we should include only those that remain in the NC →∞ limit. As it is well known, the iden-
tification of those multiplets with the experimentally determined resonances in the PDG [81] is
clear in all cases except for the scalars; see Ref. [82] and references therein.
Our RχT Lagrangian is, finally,
LRχT = LGB + LS + LP + LV + LT , (C.3)
where in our case
LGB = F
2
4
〈uµ uµ + χ+ 〉 +
12∑
i=1
LSDi O
(4)
i + Λ
SD
1 〈 tµν+ f+µν 〉 − iΛSD2 〈 tµν+ uµ uν 〉 . (C.4)
Above, O
(4)
i are the operators of the Gasser and Leutwyler Lagrangian [47] and the tensor-
involved operators have been recalled from Ref. [51]. The resonance terms [48, 83, 84] are (in-
3We use the antisymmetric representation for spin-1 fields [48]. In this realization, there is no mixing of
axial-vector resonances and pseudoscalar fields.
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cluding their kinetic terms)
LS = 1
2
〈∇µ S∇µ S − M2S S2 〉 + 〈S χS 〉 ,
LP = 1
2
〈∇µ P ∇µ P − M2P P 2 〉 + 〈P χP 〉 ,
LV = −1
2
〈∇λ Vλµ∇ν V νµ − M
2
V
2
Vµν V
µν 〉 + 〈Vµν χµνV 〉 ,
LT = −1
2
〈Tµν Dµν,ρσT Tρσ 〉 + 〈Tµν χµνT 〉 .
(C.5)
Here, the interaction is provided by the following currents:
χS = cd uµ u
µ + cm χ+ ,
χP = i dm χ− ,
χµνV =
FV
2
√
2
fµν+ + i
GV√
2
uµ uν + TV t
µν
+ ,
χµνT = gT {uµ, uν } + β gµν uα uα + γ gµν χ+ .
(C.6)
Apart from the LSDi couplings in LGB, we have several couplings involving the resonances,
namely cd, cm, dm, FV , GV , TV , gT , β and γ. Some of these couplings could be fixed from
the phenomenology: For instance, FV could be determined from ρ → e+e−. However, the real
strength of RχT resides in obtaining as much information from the QCD structure as possible
via the implementation of short-distance constraints.
Most of this work has already been done [50,79,83]. We get
FV GV = F
2 , 4 cd cm = F
2 ,
β = −gT , 8 (c2m − d2m) = F 2 . (C.7)
The interacting term for the pseudoscalar resonance (proportional to dm) from Eqs. (C.5) and
(C.6) produces a mixing between the resonance and the pseudoscalar Goldstone bosons. We can
avoid this mixing through a redefinition of the pseudoscalar resonance: P → P + i dm
M2P
χ−. The
dm term in χP from Eq. (C.6) is cancelled, but the local contribution that we have to consider
is generated:4
L = LP8 O(4)8 + LP12O(4)12 = −
d2m
2M2P
(
O
(4)
8 − 2O(4)12
)
= − d
2
m
2M2P
〈χ2−〉 . (C.8)
We notice that our redefinition of the pseudoscalar resonance field implies that it is being
integrated out from our Lagrangian. Accordingly, we recover the pseudoscalar resonance con-
tributions to L8 and L12 from Ref. [48].
We have noticed that in the hadronization of the scalar current the contribution of the spin-2
resonances spoils its high-energy behaviour [85]. To solve this problem, we fix
LSD5 = −
2
3
β γ
M2T
, (C.9)
4The L12 χPT coupling corresponds to H2 in the Gasser and Leutwyler Lagrangian [47].
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where MT is the octet mass of the spin-2 resonances. In addition,
LSDi = 0 , i 6= 5 . (C.10)
In the hadronization of the tensor current (8), the ΛSD2 coupling from Eq. (C.4) appears.
There is no a priori knowledge on the short-distance component of this coupling. However, the
same hadronized tensor current in Eq. (8) gives us an answer. Requiring the appropriate high
energy behaviour of this current [85] we obtain
ΛSD2 = 0 . (C.11)
In fact, we can also determine the vector-resonance contribution to the χPT coupling Λ2, namely
ΛR2 , upon its integration between the GV and TV terms from Eq. (C.6). We get
ΛR2 =
√
2
TV GV
M2V
. (C.12)
The value of Λ2 has been determined in Ref. [86]: Λ2 = (11.1±0.4) MeV. If we assume resonance
saturation, we can, in fact, use this relation to get a value for the coupling TV :
5
TV ≈ 0.1147 GeV2 . (C.13)
This gives f⊥V ≈ 0.148 GeV to be compared with the result from Ref. [84], f⊥V (1 GeV) = 0.165±
0.031 GeV.
D Ω coefficients in Eq. (8)
In this appendix, we collect the values for the Ω coefficients used in Eq. (8) for every final- and
intermediate-state contribution. We define sin θP ≡ sP , cos θP ≡ cP , sin θV ≡ sV , cos θV ≡ cV ,
with sin 2θP ≡ s2P and so on, and mpi/K ≡ mpi/mK . Furthermore, θP has been defined in
Eq. (H.1) and θV in Eq. (H.2).
5For numerical inputs, we use the values from Appendix H.
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Ω
(1)
P (ij)
P uu dd ss ds sd
pi0 1
2
-1
2
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E Kinematics of `–τ conversion in nuclei
`–τ conversion in nuclei is a two-body to two-body process described at tree level within the
SMEFT framework by the perturbative diagrams in Section 2.2.1. Hence, the squared unpolar-
ized amplitudes as well as the phase space can be described by just two invariant variables. In
our case, we choose ξ and Q2 (see Section 2.2.2). The perturbative cross sections are then given
(in terms of these invariant variables) by Eqs. (19–21), where the phase-space factor is written
in terms of the Ka¨lle´n’s triangle function λ.
The total cross section of the process is given by Eq. (22), where the integration limits for ξ
and Q2 are as follows: As usual, we consider that the parton cannot (or it is very unlikely to)
have a momentum larger than the nucleus in which it is confined, which leads to
ξmax = 1 . (E.1)
Considering massive quarks and leptons modifies the typically assumed vanishing lower limit of
ξ to
ξmin =
√
E2` −m2` + (mτ +mj)2 − E`
M
. (E.2)
For the variable Q2, we have
Q2± =
ξME`(m
2
` −m2τ + ξ2M2) + 2E2` ξ2M2 −m2j(E`ξM +m2`)− ξ2M2m2τ ± ξM
√
XY
Mξ(2E` +Mξ) +m2`
,
(E.3)
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where
X = E2` −m2` , (E.4)
and
Y = m4j + [m
2
` −m2τ + ξM(2E` + ξM)]2 − 2m2j [m2` +m2τ + ξM(2E` + ξM)] . (E.5)
However, since the parton distribution functions provided by the nCTEQ15 group are expected
not to be reliable below Q = 1.3 GeV, we take the square of this value as the lower limit of our
integral (22). This leads to a small underestimation of the total cross section and thus more
conservative resulting constraints on the Wilson coefficients.
F The tau decay widths
In this appendix, we collect expressions for the branching ratios of the decays of the tau lepton
into pseudoscalars:
B(τ → `P ) = λ
1/2(m2τ ,m
2
` ,m
2
P )
16pim3τ Γpi
1
2
∑
i,f
|M(P )|2 , (F.1)
B(τ → `P1P2) = 1
256pi3m3τ Γτ
∫ smax
smin
ds
∫ tmax
tmin
dt
1
2
∑
i,f
|M(P1, P2)|2 , (F.2)
with
tmaxmin =
1
4 s
[
(m2τ −m2` +m2P1 −m2P2)2 −
(
λ1/2(s,m2P1 ,m
2
P2
) ∓ λ1/2(m2τ , s,m2`)
)2]
,
smin = (mP1 +mP2)
2 ,
smax = (mτ −m`)2 ,
(F.3)
where λ(a, b, c) is the Ka¨lle´n’s triangle function.
The calculation of observables involving hadron resonances as external states is not properly
defined within quantum field theory because hadron resonances decay strongly and are not
proper asymptotic states, as is required in that framework. Hence, in order to describe the
τ → `V decays, we need to provide an appropriate definition. We intend to study the processes
with V = ρ0(770), ω(782), φ(1020), K∗0(892), K¯∗0(892). All but the ω(782) decay strongly into
two pseudoscalars. For these cases we can use the definition that has already been employed in
Refs. [26] and [28]:
B(τ → `V ) =
∑
P1P2
B(τ → `P1P2)
∣∣∣
V
. (F.4)
In the above equation, the branching ratios for the P1P2 decays from Eq. (F.2) have the same
t limits as shown in Eq. (F.3), but the s limits are now restricted to
smin = M
2
V −
1
2
MV ΓV , smax = M
2
V +
1
2
MV ΓV . (F.5)
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In Eq. (F.4), P1P2, from a chiral point of view, are indistinguishable from the V resonance, i.e.
the pair of pseudoscalar mesons have the same J and I quantum numbers. Accordingly, they
are the dominant strong-decay channel of the resonance V . This definition is based on the fact
that, experimentally, no V resonance is observed, only its decay products (pairs P1P2). The
correspondence is {ρ, φ,K∗} ↔ {pipi,KK,Kpi}, where a sum of contributions is understood:
For instance, for the φ resonance we have to sum over the K+K− and K0K
0
decay modes.
The ω(782) decays dominantly into three pions. Hence, the procedure above does not work
for this decay. As the ratio between its width and mass is around 1 %, we will consider the
ω(782) as an asymptotic state and proceed as in the case of one pseudoscalar. An analogous
check with the φ(1020) case shows that, within this approach, we should get the right order of
magnitude for the τ → `ω decay width.
G Correlation matrices of the marginalized numerical
analysis
In this section, we present the main correlation matrices of our numerical analysis using HEPfit.
For the hadronic τ decays, the correlation matrix of all the Wilson coefficients obtained from the
numerical analysis considering only the Belle limits and including (excluding) FCNCs is shown
in Fig. G.1 (G.2). We regard it interesting to compare these two matrices, as is described in
detail in Section 3.2.1. The correlation matrix obtained from the numerical analysis considering
only the limits of `–τ conversion in nuclei and including FCNCs is presented in Fig. G.3.
H Numerical inputs
In this appendix, we collect the numerical inputs for our calculations: Due to the hadronic
incertitudes, we explain our choices for the related parameters; for the rest we take the PDG
values [81].
For the masses of the hadrons, we take the values listed in Tab. H.1: For the pseudoscalar
mesons, we take the isospin-averaged values. For the vectorial resonances, we take masses from
Ref. [81]. For the rest of the resonances, we then consider a single mass for the whole multiplet
chosen as the mass of the associated isotriplet.
mpi mK mη mη′ MS MP MT
0.138 0.496 0.548 0.958 1.450 1.3 1.320
Table H.1: Masses (given in GeV) for the pseudoscalars and resonances.
Our knowledge of the hadron couplings in the RχT Lagrangian is rather sketchy. This is
due to our poor insight about the final-state interactions, so relevant in strong processes. We
use the values from Tab. H.2 together with the relations (C.7). It remains to comment on the
γ coupling in the spin-2 resonance Lagrangian (C.6): There is no information on this coupling.
However, we notice that its numerical relevance is rather suppressed since it accompanies the
40
-1.0
-0.8
-0.6
-0.4
-0.2
0.0
0.2
0.4
0.6
0.8
1.0
C
(1)
LQ
C
(1)
LQ
+0.022
-0.19
+0.13
-0.078
-0.56
+0.074
-0.1
+0.035
+0.063
-0.42
-0.81
+0.056
+0.022
-0.74
+1
C
(3)
LQ
C
(3)
LQ
+0.1
+0.15
-0.1
+0.064
+0.84
-0.058
+0.13
+0.12
-0.08
+0.19
+0.76
-0.011
-0.001
+1
-0.74
Ceu
Ceu
+0.063
+0.019
+0.18
-0.18
+0.056
+0.11
-0.051
+0.071
-0.57
-0.0054
+0.099
+0.27
+1
-0.001
+0.022
Ced
Ced
+0.16
-0.12
+0.059
+0.15
-0.029
+0.035
+0.079
+0.18
-0.44
+0.015
-0.025
+1
+0.27
-0.011
+0.056
CLu
CLu
+0.028
+0.13
+0.041
+0.12
+0.57
+0.019
+0.14
+0.019
-0.043
+0.3
+1
-0.025
+0.099
+0.76
-0.81
CLd
CLd
-0.12
-0.099
+0.034
-0.069
+0.24
+0.031
-0.047
-0.15
+0.035
+1
+0.3
+0.015
-0.0054
+0.19
-0.42
CQe
CQe
-0.14
-0.12
+0.079
+0.16
-0.091
+0.041
+0.0048
-0.17
+1
+0.035
-0.043
-0.44
-0.57
-0.08
+0.063
C ′LedQ
C ′LedQ
+0.81
-0.00059
-0.0005
+0.034
+0.096
-0.02
+0.33
+1
-0.17
-0.15
+0.019
+0.18
+0.071
+0.12
+0.035
C
(1) ′
LeQu
C
(1) ′
LeQu
+0.33
+0.0023
+0.007
+0.12
+0.048
-0.026
+1
+0.33
+0.0048
-0.047
+0.14
+0.079
-0.051
+0.13
-0.1
C
(3)
LeQu
C
(3)
LeQu
-0.02
+0.61
-0.58
-0.017
-0.05
+1
-0.026
-0.02
+0.041
+0.031
+0.019
+0.035
+0.11
-0.058
+0.074
C
(1) ′
ϕL
C
(1) ′
ϕL
+0.079
+0.21
-0.067
+0.11
+1
-0.05
+0.048
+0.096
-0.091
+0.24
+0.57
-0.029
+0.056
+0.84
-0.56
Cϕe
Cϕe
+0.027
+0.18
+0.021
+1
+0.11
-0.017
+0.12
+0.034
+0.16
-0.069
+0.12
+0.15
-0.18
+0.064
-0.078
Cγ
Cγ
+0.01
-0.83
+1
+0.021
-0.067
-0.58
+0.007
-0.0005
+0.079
+0.034
+0.041
+0.059
+0.18
-0.1
+0.13
CZ
CZ
-0.0098
+1
-0.83
+0.18
+0.21
+0.61
+0.0023
-0.00059
-0.12
-0.099
+0.13
-0.12
+0.019
+0.15
-0.19
Ceϕ
Ceϕ +1
-0.0098
+0.01
+0.027
+0.079
-0.02
+0.33
+0.81
-0.14
-0.12
+0.028
+0.16
+0.063
+0.1
+0.022
Figure G.1: Correlations among all the Wilson coefficients from the numerical analysis consid-
ering Belle limits and including FCNCs.
masses of the pseudoscalar mesons. Therefore, its specific value is not relevant in the numerical
computations. For definiteness, we take γ = β.
F [GeV] [81] FV [GeV] [87] cd [GeV] [88] gT [GeV] [83,88] TV (GeV
2)
0.092 0.206 0.030 0.028 0.115
Table H.2: Couplings involving hadron resonances. Their justification is based on the quoted
references. For the value of TV see the discussion at the end of appendix C.
We consider now the mixing angle between the octet (η8) and singlet (η0) strong-interaction
eigenstates of the pseudoscalar meson multiplet giving the η and η′ physical states. We define
this angle via the following relation:(
η
η′
)
=
(
cos θP − sin θP
sin θP cos θP
) (
η8
η0
)
, (H.1)
and take θP = −20◦ arising in the large-NC analyses [89, 90]. Finally, we define the analogous
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Figure G.2: Correlations among all the Wilson coefficients from the numerical analysis consid-
ering Belle limits and excluding FCNCs.
mixing angle for the vector resonances as(
φ(1020)
ω(782)
)
=
(
cos θV − sin θV
sin θV cos θV
)(
V8
V0
)
. (H.2)
We consider ideal mixing θV = 35
◦.
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